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BOUNDS FOR THE ENTROPY OF GRADED ALGEBRAS
JAN SNELLMAN
Abstract. Newman, Schneider and Shalev defined the entropy of a
graded associative algebra A as H(A) = lim sup
n→∞
n
√
an, where an is
the vector space dimension of the n’th homogeneous component. When
A is the homogeneous quotient of a finitely generated free associative
algebra, they showed that H(A) ≤ √a2. Using some results of Fried-
land on the maximal spectral radius of (0, 1)-matrices with a prescribed
number of ones, we improve on this bound.
Let A = ⊕∞n=0An be a graded, associative algebra over a field F . Assume
furthermore that A is infinite-dimensional as a vector space over F , but that
each graded component An is finite-dimensional, so that an = dimAn <∞.
Newman, Schneider and Shalev [3] defined the entropy of A by
H(A) = lim sup
n→∞
n
√
an. (1)
Clearly, if an has polynomial growth, then H(A) = 1, and if an has expo-
nential growth, with an ∼ cdn, then H(A) = d. Denote the Hilbert series of
A by
A(t) =
∞∑
n=0
ant
n. (2)
Then H(A) = 1/R, where R is the radius of convergence of A(t). If the
Hilbert series is rational with A(t) = P (t)/Q(t), then |λmin| ≤ H(A) ≤
|λmax|, where λmin and λmax are roots of Q(t) with minimal and maximal
modulus.
We henceforth assume that A is the quotient A = F [X∗]/I, where F [X∗]
is the free associative algebra on a finite alphabet X, and I is a two-sided
homogeneous ideal. Then A is connected, i.e. A0 = F , and generated
by A1. Newman, Schneider and Shalev observed that the series (an)
∞
n=0 is
submultiplicative, i.e. anam ≤ an+m, and that this implies that
• limn→∞ n√an exists and is bounded by n√an for each n ≥ 1, and
consequently that
• H(A) ≤ n√an for all n ≥ 1.
In particular,
H(A) ≤ √a2, (3)
and this bound is obtained when a2 = m
2 and A is the free associative
algebra on m letters.
Using a graph-theoretical result of Friedland [2] and Brualdi & Hoffman
[1] we can improve on this bound:
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Theorem 0.1. Let a2 = k, with
k = m2 + ℓ, 1 ≤ ℓ ≤ 2m.
Then
H(A) ≤ m+
√
m2 + 2ℓ
2
=: f(k) (4)
If ℓ = 1 then
H(A) ≤ m, (5)
if ℓ = 2m− 3 then
H(A) ≤ m− 1 +
√
m2 + 6m− 7
2
. (6)
Let ρm,p,q denote the largest positive root of
t3 −mt2 − pt+mp− pq (7)
Then, for any ℓ, there is an M(ℓ) such that for m ≥M(ℓ) we have that
dimA2 = m
2 + ℓ =⇒ H(A) ≤ ρm,⌊ℓ/2⌋,⌈ℓ/2⌉ (8)
Proof. Recall that we’ve assumed that A = F [X∗]/I. Denote by d the
number of letters in X, so that X = {x1, x2, . . . , xd}. Let ≻ be a term-order
on the free monoid X∗, and let B = F [X∗]/in(I), where in(I) is the initial
ideal of I w.r.t ≻. Since A(t) = B(t) we have that H(A) = H(B). Now, if
we let J denote the monomial ideal generated by the quadratic part of in(I),
then C = F [X∗]/J is a quadratic monomial algebra. Clearly a2 = b2 = c2,
and A(t) = B(t)≪ C(t), i.e. C(t) =∑∞n=0 cntn and cn ≥ an = bn for all n.
It follows that H(A) = H(B) ≤ H(C).
Let G be the directed graph with vertex set {1, 2, . . . , d}, and with an
(directed) edge from i to j iff xixj 6∈ J . Thus, we allow loops, but no
multiple edges. Clearly, for n ≥ 2 there is a bijection between on the one
hand the set of those monomials in X∗ that are of length n, and which do
not belong to J , and on the other hand the set of directed walks in G of
length n. Thus, if gn denotes the number of directed walks in G of length
n, then gn = cn.
Let M denote the adjacency matrix of G, i.e. that d × d matrix (mij)
with mij = 1 iff there is an edge from i to j. Let e = (1, 1, . . . , 1) denote
the (column) vector consisting of d ones. Then gn = e
tMne. If
φ(λ) = λd − h1λd−1 − h2λd−2 − · · · − hd−1λ− hd
denotes the characteristic equation of M , we have, by the Cayley-Hamilton
theorem, that φ(M) = 0. Hence
Md = h1M
d−1 + h2M
d−2 + · · ·+ hd−1M + hdI,
which by multiplication with M s yields
M s+d = h1M
s+d−1 + h2M
s+d−2 + · · · + hd−1M s+1 + hdM s,
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hence
gs+d = e
tM s+de
= h1e
tM s+d−1e+ h2e
tM s+d−2e+ · · ·+ hd−1etM s+1e+ hdetM se
= h1gs+d−1 + h2gs+d−2 + · · · + hd−1gs+1 + hdgs
(9)
Since the gn’s and hence the cn’s satisfy the linear recurrence (9), it follows
(as mentioned in section 2 of [3]) that H(C) ≤ |ρ|, where ρ is the maximal
modulus of a root of the characteristic polynomial of M , i.e. the largest
absolute value of an eigenvalue of M , i.e. the spectral radius of M (and by
definition of G).
It follows that we can apply the bounds obtained by Friedland [2] and
Brualdi & Hoffman [1] for the spectral radius of directed graphs with k
edges to bound the entropy of C, and hence that of A.
Let Gm,p,q be the directed graph on {1, . . . ,m+ 1}, where there is an edge
from i to j if i, j ≤ m or if i ≤ p and j = m+ 1 or if i = m+ 1 and j ≤ q.
Thus, Gm,p,q has adjacency matrix

1
1
Im
...
1
0
...
1 1 · · · 1 0 · · · 0


with p ones on the last row, q ones on the last column, and with Im an
m×m matrix of ones. It corresponds to the quadratic monomial algebra
Am,p,q =
〈
x1, . . . , xm |x2m+1;xmxm+1, . . . , xp+1xm+1;xm+1xm, . . . xm+1xq+1
〉
.
Let ρm,p,q denote the spectral radius of Gm,p,q, hence ρm,p,q = H(Am,p,q).
Friedland [2] showed that ρm,p,q is the largest positive root of (7) and that
for k = m2 + 1, the graph Gm,0,1 has maximal spectral radius ρm,0,1 = m
of all directed graphs with k edges (the later result was also obtained by
Brualdi and Hoffman [1]). This gives (5). Friedland also showed that for
k = m2 + 2m − 3 = (m + 1)2 − 4 edges, the maximal spectral radius is
obtained not by Gm,m−2,m−1 but by the graph on m + 1 vertices where
there is an edge from i to j if either i < m or j < m; i.e. by the digraph
with adjacency matrix 

1 1
1 1
Im−1
...
...
1 1
1 1 · · · 1 0 0
1 1 · · · 1 0 0


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Friedland showed that this graph has spectral radius
m− 1 +√m2 + 6m− 7
2
,
so we have (6).
Friedland furthermore showed that for a fixed ℓ it holds that for suffi-
ciently large m, if k = m2 + ℓ then Gm,⌊ℓ/2⌋,⌈ℓ/2⌉ has the largest spectral
radius of a directed graph with k edges. This gives (8). 
We have that for k = m2 + ℓ,
f(k) <
√
k ⇐⇒ f(k)2 < k ⇐⇒
(
m+
√
m2 + 2ℓ
2
)2
< m2 + ℓ
⇐⇒ m2 + ℓ−m
√
m2 + 2ℓ > 0 ⇐⇒ ℓ > 0,
so the bound of (4) is indeed an improvement for ℓ > 0. The number
ρm,⌊ℓ/2⌋,⌈ℓ/2⌉ is smaller still, as is shown in the picture below, which plots√
k − f(k) (in a solid line) and √k − ρm,⌊ℓ/2⌋,⌈ℓ/2⌉ (in a dotted line) for
5 ≤ k ≤ 85.
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